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Abstract. We study the equivariant version of genus zero BPS 
invariants of the total space of rank 2 bundle on whose deter- 
minant is Opi (—2) by means of the moduli spaee of stable sheaves 
of dimension one as proposed by Sheldon Katz [10] . We count the 
torus fixed stable sheaves of low degrees and show the results agree 
with the prediction in local Gromov-Witten theory studied in [3]. 



1. Introduction 

The O-pointed genus g Gromov-Witten invariant for a Calabi-Yau 
threefold X in the curve class (3 G H2{X, Z) is defined as the degree of 
the virtual cycle of the moduli space of stable maps to X. 

iV|(X) :=deg[M,,o(^,/3)]"'". 

By the BPS state counts in M-theory, Gopakumar and Vafa [5] pro- 
posed an integer-valued invariants n^p{X) of X, called the BPS in- 
variants, which are related to the Gromov-Witten invariants by the 
Gopakumar- Vafa formula 

Y,N^,{X)q'X'^~' = Y.^${X)l (2 sin (^)'"^'' 

13,9 P,g,k \ ^ 

A priori, the BPS invariants defined by above formula are rational 
numbers because the Gromov-Witten invariants are rational numbers. 
The integrality conjecture is an assertion that they are integers. 

The genus zero part of above formula is 



m\d 



Sheldon Katz [10] proposed a mathematical definition for the genus 
zero BPS invariants. He considered the Donaldson- Thomas type invari- 
ants of the moudli space of stable sheaves of dimension one. He showed 
(II]) holds for an embedded contractible rational curves. Shortly there- 
after, Jun Li and Baosen Wu [13] studied K3 fibred local Calabi-Yau 
threefolds and proved ([1]). 
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In p], Jim Bryan and Amin Gholampour studied the equivariant 
version of BPS invariant for the resolution of ADE polyhedral singular- 
ities C^/G. As the moduli space of sheaves is non-compact, the virtual 
cycle is not well-defined. But using a natural C*-action induced from 
an action on C^/G, they defined the BPS invariants via equivariant 
residue integrals of the virtual cycle at the fixed locus. In this pa- 
per, we follow this approach and study the equivariant version of BPS 
invariants for local P^. 

Let X be the total space of rank two vector bundle 



on P^. Since detE ~ Kpi ~ (9pi(— 2), X is a non-compact Calabi-Yau 
threefold in the sense that its canonical bundle is trivial. 

The Gromov-Witten theory of X is studied by Jim Bryan and 
Rahul Pandharipande [3]. They used the natural (C*)^-action on X 
via scalar multiplication on each fiber, and computed residue Gromov- 
Witten invariants by localization and degeneration methods. After 
taking anti-diagonal subtorus of (C*)^, they got a closed formula for 
the Gromov-Witten partition function [3l Cor. 7.2]. 

We use a torus action for which the torus also acts nontrivially on 
the base curve P^. By Calabi-Yau condition, our action restricts to the 
action of their antidiagonal subtorus(Section 2). So, we can expect the 
genus Gopakumar-Vafa formula ([T]) holds for the total space X of E. 

Conjecture 1.1. For (3 = d[F^] G H2{X,Z), let N^^^^k) be the genus 
local Gromov-Witten invariant computed in [5] andnd{k) be the equi- 
variant local BPS invariant defined by the residue integral in Definition 
\2.1\ Then, the Gopakumar- Vafa formula 



We prove this conjecture for d = 1,2 and 3 for any k and for d = A 
and k < 100. We show the moduli space of stable sheaves on X is 
smooth, and count the torus fixed sheaves using the classification of 
equivariant sheaves by Kool [12]. 

Acknowledgements. I would like to thank my advisor Sheldon Katz 
for invaluable discussions and many suggestions for improvements. I 
would also like to thank Martijn Kool for kindly explaining his work 
to me. 



E ~ © Cpi(-2 - k) 
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holds. 
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2. Local BPS invariant 

Let k be an integer with k > —1. Let X = Spec(Sym(£'^)) be the 
total space of a rank 2 bundle 

E = Cpi(A;) © Cpi(-2 - k) 

on P^. As a toric variety, X contains a torus T' = (C*)^ and has two 
T'-invariant affine open sets isomorphic to C^. The transition map is 

(2:1, 2:2, 2:3) ^ {Z^^,Z^''Z2,ZI+''Z3). 

In this description, the torus T' acts by 

(^1; ^2; ^3)-(^l; ^2; ^3) = ('f 1^1 ; ^22^2; ^S^^s) 

We will consider the action of the subtorus 

T = {{ti,h,t3) eT':tit2h = l} 

which preserves a canonical Calabi-Yau form. [T^ 

Let L be the pullback of (9pi(l) to X. We define the Hilbert poly- 
nomial of a sheaf J-" by 

Then, by Riemann-Roch, 

P^(n) = (ch2(^)-L)n + x(-F). (2) 
Hence the reduced Hilbert polynomial of J-" is 

A sheaf J-" is called (Gieseker) semistable with respect to L if for any 
subsheaf Q, we have pg{n) < pj^{n), which is equivalent to 



ch2{g)-L - ch2(-F) -L' 

Stable sheaf is defined with the strict inequality. For details and the 
construction of the moduli space of semistable sheaves, we refer to [8]. 

We consider the moduli space of L- (semi) stable coherent sheaves 
of pure dimension 1 on X 

Md{k) = {J^: Pjr = (in + 1, J-" is L-(semi)stable}. 

By the condition x{^) = 1; semistability agrees with stability. So, 
there exists a perfect obstruction theory on Md{k) [17]. Since X is 
not compact, the virtual cycle for M(i{k) is not well-defined. However, 
T-action on X induces a T-action on the moduli space and the fixed 
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locus of this action is compactE So, we can define an invariant by a 
residue integral on the fixed locus using the virtual localization formula 
[6]. Following [10], we call it the genus zero BPS invariant. 

Definition 2.1. Let Mf be connected component of T-fixed locus 
Md{k)^ . Let N™ be the virtual normal bundle to M^" obtained from 
the moving part of the virtual tangent space. We define the genus zero 
BPS invariants by 

1 



Here, e(— ) is the equivariant Euler class. 

Lemma 2.2. If E Mfi{k), then the scheme theoretic support of is 
a subscheme of the total space Y of Of>i{k). 

Proof. The ideal sheaf of Y is LF'^^ . We have an exact sequence 
jr ^ L'^+k ^jr ^jr|y ^o. 

Since 2 + /c is a positive number, by the stability of J-", the first map is 
zero, and hence the map J-" — )■ J-'|y is an isomorphism. □ 

So, we can consider J-" as a sheaf on Y . We will also denote by 
L the puUback of (9pi(l) to Y. Then, Md{k) is the moduli space of 
L-stable sheaves on Y . 

Note that the zero section of is the only compact T-invariant 
curve in Y . Hence if a sheaf J-" is T-fixed, its reduced support must be 
P^. In the next section, we will describe T-fixed sheaves supported on 
P^ using toric geometry. 



3. Equivariant Sheaves 

As a toric variety, Y contains a two dimensional torus (C*)^ which 
is isomorphic to T by the isomorphism 

(e)2 3(ti,t2)^(ti,t2,trV)eT. 

The action of this torus is the same as the restriction of T-action on Y . 
So, by a slight abuse of notation, we also denote this embedded torus 
by T and consider T-equivariant sheaves on y. It is well known that a 
stable sheaf on Y supported on a compact subscheme is T-fixed if and 
only if it is T-equivariant. See for example [T2l [9]. 

^We will see in Section IH] that we can embed Md{k) into a compact moduli space 
via an embedding of X into the Hirzebruch surface. The torus fixed loci supported 
on are the same. So, they must be compact. 
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Figure 1 . Toric fan of Y 



In this section, we follow [12] and describe pure equivariant sheaves 
on Y, and propose a new way to understand it. Let M be the group 
of characters of T and be the group of one parameter subgroups. 
Then, the fan associated to Y (which lies in (g) M) is 

{(Ti = Cone((0, 1), (1, 0)), ^2 = Cone((0, 1), (-1, -k))} 

where Cone(t'i, ^2) denote the convex cone generated by vectors vi and 
V2- The T-invariant subvariety associated to the face (0, 1) is the zero 
section of . 

We have two T-invariant affine open sets U^i = Spec(/c[S'o-J), i = 
1,2, where So-^ is the semigroup defined by aj 

S^^ = n M. 

For a notational convenience, we let M* be the copy of M whose el- 
ements are expressed with respect to the semigroup generator of Sc^, 
i.e., 

= {mi(l, 0) + m2(0, 1)} and = {mi(-l, 0) + m2{-k, 1)}. 

For m,m' G M\ we say m' > m if every component oi m' — m is 
nonnegative. Note that in the standard basis of M, this means m! — m 
is an element of the semigroup 5"^.. 

Then, we have a decomposition into weight spaces 

Denote the weight space T{Ufj-, J^)m by F^{m), m = (mi, 777,2) ^ M\ 
Since J-" is Cy-module, each T{Uo-^,J^) is M*-graded S'^-.-module. We 
can reformulate the 5'o-.-module structure by the following data: k- 
linear maps Xmm' '■ -^*(^) F^{m') for all m,m' G M* with m' > m 
such that 

Xm,m and Xm,m" Xm' ,m" X,m,m' ' ('^) 
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Moreover, in our case, where the reduced support of J-" is P^, we 
have the following [T^ Chapter 2]. 

Proposition 3.1. Let T be a pure equivariant sheaf on Y with support 
Then, 

(1) There are integers A\, A\ and A < B such that F*(mi, = 
unless A\ < mi and A < m2 < B. 

(2) For each A<m2<B, the maps X(mi,m2),(mi+i,m2) ^^^^ all injec- 
tive and the direct limit limF\mi,m2) is a finite dimensional 

mi 

vector space denoted by -F*(oo,m2). 

(3) For each A < m2 < B, 

F^(oo, m2) ~ -^^(oo, 777,2) 
and under this identification, 

X(oo,m2),(oo,m2+1) X(cxD,m2),(oo,m2+l) ' 

where x5oo,m2),(oo,m2+i) = lH$xU,m2),(mi,m2+i) f^r sufficiently 

■mi 

large mi. 

Moreover, let C be the category whose objects are {-^*("^), Xm m'} 
isfying above conditions and morphisms 

0: {F%m),Xm,m'}-^{GKm),Xl^„,} 

are collections of linear maps 0*(m): F^{m) — t- G^{m) satisfying 

4>\m') o x^^„,, = A^„,, o (t)\m) and 0^(oo,m2) = 0^(oo,m2). 

Then, this correspondence is an equivalence between the category of 
pure equivariant sheaves and equivariant morphisms with the category 
C. 

An object in the categry C is called ^-family [16]. Proposition |3lT] is 
a special case of more general statement about pure equivariant sheaves 
on a toric variety [12]. We state it for Y to avoid heavy notation. 

Assume A in condition (1) is maximally chosen. Let Oy{x) be the 
structure sheaf of Y endowed with the equivariant structure induced 
by a character x ^ Then J-" ® Oy{x) is isomorphic to the sheaf 
F with equivariant structure shifted by x- Therefore, we may assume 
A = 0. 

Example 3.2. Let Cn be the n-th order thickening of P^ in the di- 
rection of Ofi{k). More precisely, C„ is Spec(Sym(Opi(— where 
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(0,1) 



i-k,l) 



(1,0) (-1,0) 



Figure 2. The sheaf Oc^ 



3 is the ideal generated by S"{Opi{—k)). Then for the sheaf Oc„, we 
have 



We can illustrate this by putting a box at the position (7711,777.2) if 
the corresponding weight space is nonzero. By the condition (3), for 
each open chart, the asymptotic weight vector spaces are stabilized and 
identified with each other. So, we place the asymptotic vector spaces 
in the middle. For example, the sheaf can be depicted as in Figure 



In this particular example, all weight spaces are one dimensional. 
We will see other examples that weight spaces have more than one 
dimension. 

From this description, it is clear that the equivariant version of 
Grothendieck's theorem holds. 

Theorem 3.3. Let £ be a equivariant vector bundle of rank r on . 
Then there are integers cti, ■ ■ ■ , ctr uniquely determined up to order such 
that we have an equivariant isomorphism £ ^ 0{ai) © ■ ■ ■ © 0{ar). 

Proof. This theorem is due to Klyachko [TT] . Since the scheme theoretic 
support is P^, we must have A = and 5 = in the condition (1) of 
Proposition 13. 1[ Let ({£"^(777, 0)}, {i?^(7r7, 0)}) be the corresponding 
family. Then, we can pick a basis {vi} of the asymptotic weight space 
£'"'^(00, 0) ^ £'^(00, 0) such that for any 771 and 7 = 1, 2, a subset of {vi} 
forms a basis of £'*(7r7, 0). Therefore, by taking subfamilies generated 
by each Vi, {{E^{m^ 0)}, {i?^(7r7, 0)}) decomposes into families with one 
dimensional weight spaces. Hence, £ decomposes equivariantly into 
equivariant line bundles. □ 




C if < 7/72 < 71 — 1 and 7711 > 
else 



[3 



Let Ui be the intersection of the open set with for 7 = 1,2. 
Then {Ui} be an affine open cover of P^. We fix an T-equivariant 
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structure of Cpi(A;) by the weight space decomposition on each open 
set 

r(f/i,Opi(A;)) = 0C„, r([/2,Opi(A;)) = 



m>0 m<k 



where is a one dimensional representation of T with character 
x(^i7^2) = t^, rra G Z. Then, given an equivariant sheaf J-" on 
with 

r(f/„^)„ = F*(m), 
we have a natural equivariant structure on J-" (g) Opi (k) by 



Now, we consider j-th row of the weight space decompositions. 
Given an equivariant sheaf J^onY, let J^j be the sheaf defined by 



r(^i,^i)(mi 



"12) 



T{Ui,T)(^rni,m2) if ^2 = j 

else 



Then, J^j has scheme theoretic support and hence decomposes into 
equivariant line bundles by Theorem 13.31 



Theorem 3.4. Let T be a pure T-equivariant sheaf on Y . Then T is 
determined by the following data: For < j < B, Tj ^ 



d, 
i=l 

and equivariant morphisms 



such that for all ti = (ti, 1) G T, there exist isomorphisms aj : t\J^j — > 
J^j such that the diagram 

t\J',^t\{:F,+,®On{k)) (5) 

J^j — -^—^ Tjj^Y ® Or>i{k) 

commutes, where fi: tJ(Opi(fc)) ~ Opi{k) is given by the equivariant 
structure of Opi (k) fixed in the above discussion. 

Proof. The horizontal maps x\mi j) (mi+i j) ^^^^ determine the decom- 
position ~ 0f4iCpi(ajj) by Theorem 13.31 It remains to consider 
the vertical maps x\m„jUmuj+iy 
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Recall that we are using different basis of M for ^^^d x^. The 
(mi, j) in the subscript means mi(l, 0) + j(0, 1) for and mi(— 1, 0) + 
j{—k, 1) for x^. Rewrite in the standard basis of M, 

Xlrm,j),irm,j+i)- F\mi,j) F\mi,j + 1) 

F^{-mi - kj,j) F^{-mi - kj - k,j + 1). 
Thus, this will define an equivariant morphism 

: (g) Opi{k) 

by Q. 

Since J-" is equivariant, t^J-" ~ J-". Hence, there exist isomorphisms 
a/s such that the diagram above commutes by Remark 13.51 and Theo- 
rem [321 

Conversely, if we have such isomorphisms aj: t\J^j ~ J-'j, each 
J^j is equivariant [9j, so we have an weight space decomposition and 
horizontal maps X\mi j) (mi+i j)- "^^^ equivariant morphisms (pj de- 
fine X(mi j) (mi j+i)- commutativity of (jS]), they commute with 
each other. Hence the data {J^j,(f)j,aj) determines J-", by Proposition 

ixn □ 

Remark 3.5. Let vr: F — )■ be the natural projection. In the above 
theorem, it is clear that 

B dj 
j=0 i=l 

TT^ induces an equivalence between the category of (9y-modules and 
the category of vr^Cy-modules on P^[71 Ex. II. 5. 17]. Since n^Oy — 
Opi{—k), 7r^<(9y -modules structure on vr^J^ is given by a map 

vr* TT* Opi (k) 

The previous theorem shows that if J-" is a pure equivariant sheaf, this 
map is given by 0j's. In this sense, we will call the collection {J^j, (pj} 
associated to a sheaf J-" a n^^Oy -modules structure of J-". 

Theorem 3.6. Let T and Q he T-equivariant sheaves on Y whose 
TT^Oy-modules structure are {J^j,(j)j} and respectively. Then 

T and Q are isomorphic to each other if and only if there exist isomor- 
phisms fij : J^j — > Qj such that /ij+i o 0^ = (f)j_^_-^ o Hj. 

Proof. This is a straightforward consequence of the equivalence between 
the category of Cy -modules and the category of vr^Oy-modules on P^. 

□ 
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Theorem 3.7. Let P^{n) = xi7 ® ^®") = dn + x{^)- Then 

B B dj 

d = ^di and x{^) = ^ ^i.O'ij + 1) 

j=0 i=0 i=l 

Proof. The first equation is clear since the support of J-" has multiplicity 

Yli^=Qdi along The second equation follows from x{^) = 

since vr is affine. □ 

To test the stability, we only need to test for equivariant subsheaves. 

Proposition 3.8. Suppose X is a projective variety with a torus ac- 
tion. Let be a pure equivariant sheaf on X. Then T is (Gieseker) 
stable if and only if pg < pjr for any proper equivariant subsheaf Q . 

Proof, [ni Proposition 3.19] □ 

Therefore, a sheaf J-" associated to {J-'j, (pj} is stable if and only if 
for any 7r*(9y-sub module Q = {Qjj'ipj}, i-e., a collection of equivariant 
subsheaves Qj C compatible with (pi, we have 

x(g) xjJ") 
r{g) d ■ 

where r{Q) is the multiplicity of Q along P^. 

Definition 3.9. For a pure equivariant sheaf J-" as in Theorem 13 ■4[ we 
will call {do, di, - ■ ■ , ds) the type of J-". 



4. Enumeration of Equivariant Sheaves 

Using the classification given in the previous section, we want to 
count the (virtual) number of T-equivariant sheaves. 

Definition 4.1. Let M'^^^ ^^^{k) denote the subscheme of Md{k) 
which consists of stable T-equivariant sheaves of type {do, ■ ■ ■ , ds) with 
d = J2f=o^j- define 

Nd{k) = etop{Md{k)), 

where etop(— ) is the topological Euler characteristic. 
It is clear from the localization formula that 

Nd{k)= N^do,-,dBm, (6) 

{do,--- 4B)^d 
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where the sum runs over the set of all ordered partitions of d. 
In Section [HI we will show 

n,ik) = (-l)^^'^'+^etop(M,(fc)). (7) 

Hence it is enough to compute Nd{k). 

4.1. Type (l'^). Let (l'') denote (1, 1, ■ ■ ■ , 1) with 1 repeated d times. 
Let J-" be a T-equivariant sheaf of type (l"^) whose vr^^Cy-module struc- 
ture is {J-'j, (f)j}. Assume J-'j ^ Cpi(aj) for < j < — L Then, since 
x{J^) = 1, we have 

d-l 

+ 1) = 1. 

j=0 

Let X and y be homogeneous coordinates of P^. By the condition in 
Theorem 13.41 the map (pj is given by a monomial in x and y of degree 
CLj ~\~ k. 

Proposition 4.2. J-" of type (1"') is stable if and only if (f)j 's are all 
nonzero and 

h-l 

^(a, + 1) > 1 

j=0 

for any 1 < h < d. 

Proof. Since J-" is indecomposable, (p/s are all nonzero. To check the 
stability, it is enough to check for the subsheaf Q with 

J-'j a j > h 
else 

for < /i < c? — L Hence, the stability condition is 

h-l 

^(a, + 1) > 1 
i=o 

where the left side is the Euler characteristic oi J^/Q. □ 
Corollary 4.3. N(^id^ is equal to 

d-2 

E n(^^+i - + 1) 

Ad-i>->Ao>0 i=0 

where the sum runs over all Xd~i > ■ ■ ■ > Aq > such that 

j=0 
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and for any 1 < h < d, 

g,^>M^, _(,_!). 

i=o 

Proof. Since (pj is nonzero, we have aj < a^+i + k. We let 

Xj = ttj + jk 

so that \d-i > Xd-2 > ■ ■ ■ > Ao > 0. Then, 0j is a monomial of degree 

cij-\-i — CLj -\- k = Xj^i — Xj. 

By Theorem 13. 6[ each coefficient of the monomial (pj can be set to be 1 
by scaling isomorphisms. So, we have Aj+i — ■ + 1 choices for (pj. The 
condition for Aj's can be easily seen to be equivalent to the condition 
in Oj-'s in the previous proposition. □ 

4.2. Types (n, 1"^) and (l'^,n). We will use the following lemma fre- 
quently. 

Definition 4.4. For a monomial a in x and y, we set gcd(a, 0) = a. 
Hence, deg(gcd(a, 0)) = deg(a). 

Lemma 4.5. Suppose 

= (ai,a2): Cpi(ai) © Opi(a2) ^ Opi(&) ® Opi{k) 

i) = (/3i,/32)*: Opi(c) ^ (ai(rfi) © ^1(^2)) © Ori{k) 
are nonzero maps between sheaves on where ai, a2, Pi, P2 are mono- 
mials of appropriate degrees in the homogeneous coordinates x and y. 
Let K he the kernel of (p o,nd Q he such that Q © (9pi(/i;) he the torsion 
free part of the cokernel ofip. Then 

degK = ai + a2-b-k + deg(gcd(ai, 02)), (8) 
degQ = di + d2-c + k- deg(gcd(/3i, /^a)). (9) 

Proof. Let r = deg(gcd(Q;i, aa)). If either of ai or 02 is zero, by sym- 
metry, we may assume ai is zero. Then, a2 is nonzero monomial of 
degree b — a2 + k. So, K ~ Cpi(ai) and we have ([H]). Now, suppose tti 
and a2 are both nonzero. Since is a monomial of degree b — + k, 
there are monomials p and q of degree b — ai + k — r and b — a2 + k — r 
respectively, such that 

qai = pa2. 
Then the image of the inclusion 

i-p) 

Opi {ai + a2 — b — k + r) ^Opi(ai) © Ofi (02) 
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is K. Therefore, we have (jH]). 

The proof of ^ is similar. □ 

Definition 4.6. Given a map ^ as in the above lemma, we will call Q 

the torsion free cokernel of ip. 

We start with types (n, 1) and (l,n). Let be a T-equivariant 
sheaf of type (n, 1) which corresponds to the collection {{J^Q,J^i},(f)). 
Assume J-q — ©"=]^Cpi(aj) and J^i ~ Opi{b) and = (ai,--- 
where 

tti'. Opi(ai) Opi(6) (g)Cpi(A;). 
Then, = 1 is equivalent to 

n 

5^(ai + l) + (6+l) = 1. (10) 

i=l 

As before, by condition in Theorem 13.41 is given by a monomial 
in X and ?/ of degree b — ai + k. 

Proposition 4.7. J-" of type (n, 1) zs stable if and only if 

• ai 's are nonzero, 

• a-i > 0, 

• for all I < i,j < n, deg(gcd(aj, aj)) <b — ai — aj + k — 1. 

Proof. As before, for J-" to be indecomposable, a^'s are nonzero. Let 
^ be a subsheaf of J-" whose vr^Oy-module structure is {{Go,Gi},'^)- 
Since is of rank 1, we have two cases: Qi = or Qi = 0. 

Suppose Qi = T\. Let ~ ®\^-^0^\{p!^ where r is the rank 
of Qq. Without loss of generality, we may assume a^'s and a-'s are 
nonincreasing. Then for 1 < z < r, 

a- < ai 

because otherwise there does not exist an injective map from Qq to J-q. 
So, it is enough to check for the cases = Oj, i.e., Qq ~ ©i=iC'pi(ai) 
for some < r < n. Then by looking at the quotients, it is easy to see 
that the stability implies Oj > for all 1 < i < ra. Note that if = 0, 
we have 6 < — 1 which is a consequence of ffTOl) and > 0. 

Now suppose Qi = 0. Then, Qq is a subsheaf of K = ker0. Let Kij 
be the kernel of the restricted map 

{ai,aj): Cpi(ai) © Cpi(aj) Opi{b) ©Opi(/c). 

When Qo = Kij, by ([8]), the stability implies 

tti + ttj — b — k + deg(gcd(aj, aj)) < —1, 
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which is the third condition. For an arbitrary Qo, it suffices to show the 
degree of Qo is negative provided that the degrees of Kij are negative 
for all 1 < i,j < n. Hence we may assume that Qo is a line bundle. By 
Proposition 13.81 we may also assume Qq is equivariant subsheaf of J-q, 
that is, the inclusion 

n 

Go ^ 0Opi(ai) ^ Jo 
1=1 

is given by a matrix with monomial entries. Let (pi, - ■ ■ ,Pn Y be the 
inclusion map where p^'s are monomials. Then, we have 

n 

^Pitti = 0. 

i=l 

Since all terms are monomials and at least two terms are nonzero, this 
implies that there exist ji, j2 such that Pj^aji and Pj2'^i2 nonzero 
and proportional. Then deg(pjjajj > deg(lcm(ajj, a^J), and 

deg Go = - deg(pjj < a^, + deg(ajj - deg(lcm(aj^, a^J) 
= aji - deg(«j2) + deg(gcd(aji, ajj) 
= + ttj^ — b — k + deg(gcd(ajj, aj^)) 
= deg < -1. 

Hence it is enough to check for subsheaves Kij. □ 

The type (1, n) is dual to the type {n, 1). Now, assume J-q ~ Opi(c) 
and ~ ®i=iOpi{di) and (f) = ■ ■ ■ ,/?„)*, where 

A: Cpi(c) ^Opi(c?i)®Opi(A;) 

is given by a monomial in x and y of degree (ij — c + /c. Then, xi-^) = 1 
is equivalent to 

n 

(c+l) + ^(rf. + l) = l. (11) 

Proposition 4.8. T of type (l,n) is stable if and only if 

• (3i 's are nonzero, 

• di< -1, 

• for all 1 < i, j < n, deg(gcd(/3j, f3j)) < di + dj — c + k. 

Proof. The proof is dual to the proof of the previous proposition. In- 
decomposability implies /3j's are nonzero. Let ^ be a subsheaf of J-" 
whose 7r*Oy-module structure is If Qq = 0, it is enough 

to check for Qi ~ Ofi{di). So, we have di < —1. 
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Suppose Qo = Cpi(c). Let Qij be the torsion free cokernel of the 
map 

f3ij = {f3i,f3jy: Opi(c) ^ (Opi(c/i) © Opi(rf,)) ® Opi{k). 

If Qi is the saturation of ©^^j ^ C'pi('^t) © ini/3jj, then by ([2]), 

degQij = di + dj-c + k- deg(gcd(/3j, > 0, 

which is the third condition. Now, let Qi be an arbitrary subsheaf of 
J-*! containing the image of 0. We may assume Qi is an equivariant 
saturated subsheaf of rank n — 1. Let (q'l, ■ ■ ■ , qn) be the natural pro- 
jection map from to the quotient TijQx where gj's are monomials. 
Then 

n 

= 0. 

i=\ 

As in the previous proposition, we can find ji, j2 such that fij^q^^ and 
/3j2 9j2 nonzero and proportional. Thus, 

deg TxjQi = dj^ + deg(gjj > (i^^ + deg(/3jj - deg(gcd(/3ji, 

= + - c + /c - deg(gcd(/3j,, 

= deg > 0. 

So, it is enough to check for Qij. □ 

Propositions 14.71 and 14.81 have straightforward generalizations to 
types (n, l*^) and (l'^,?^). 

Proposition 4.9. For a sheaf T of type {n, 1'^), let ~ ©"=iC'pi(aj) 
and Tj ~ (9pi(6j) for 1 < j < d. By x{-^) = 1> '^^ have 

n d 

J](a. + l) + ^(6, + l) = l. (12) 

i=i j=i 

Then, T of type {n, 1'^) is stable if and only if 

• all maps (pj , < j < d have nonzero monomial entries, 

• ai>0, Ej=s(^i + 1) < /or 1 < s < rf, 

• deg(gcd(ai, aj)) < bi - ai - aj + k - 1, 
where </)o = (ai , ■ ■ ■ , an) ■ 

Proposition 4.10. For a sheaf T of type {l'^,n), let Tj ~ Opi(cj) for 
< j < d — 1 and ~ ©[L]^Cpi((ij). By x{^) = 1? '^^ have 

d—l n 

5^(c, + 1) + $^(d, + 1) = 1. (13) 

i=0 i=l 

Then, T of type (1^^,?^) is stable if and only if 
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• all maps 0j, < j < c? have nonzero monomial entries, 

• di< -I, Ei=o(^i + 1) > 1 /or < s < ci - 1, 

• deg(gcd(/3i, I3j)) < di + dj - Q-i + k, 

where 0^-1 = ■ ■ ■ 

Corollary 4.11. All stable equivariant sheaves of type (1"'), (n, l'^) or 
(l*^, n) are isolated points in Md{k)^ . 

Proof. By scaling automorphisms in each case, we can set the coeffi- 
cients of monomials to be 1. So, equivariant sheaves of these types are 
isolated. □ 

Corollary 4.12. For any k > —1, 

=A^(n,i)(A; + n-l) 

Proof. For a given c and dj^s as in Proposition 14.81 we let aj = —1 — dj 
and b = —n—c and Uj = f3j. Note that deg(/3j) = dj—c+k = c—aj + {k+ 
n—1) as required. Moreover, 6— Oj— aj + ((fc+n — 1) — 1) = di+dj — c+k, 
and the equation ffTOl) for the Euler characteristic is equivalent to f|TT]) . 
So, Oj, b, aj so defined will determine a stable sheaf in ^^(/c + n — 1). 
Hence, this gives a bijection between MT^Ak) and M?^ -,^JA;+ra— 1). □ 



Now, we can actually count stable equivariant sheaves when d = 
1,2, or 3, because only sheaves of above types appear. Conjecture 11.11 
combined with the Gromov-Witten theory [5] predicts that 

n,{k) = (-l)'=+\ (14) 

fc(fc-|-2) .£ ^ gygj^^ 

if k is odd, 



,, . 1 J 11 rv lo cvcii, . . 

n2{k)={ (15) 



D 

By ([7]), signs are correct. By Corollary 14.111 and the localization for- 
mula dEI), we compute Nd{k) = etop{Md{k)) by counting T-equivariant 
sheaves. 



4.3. d = 1. By Corollary 14. 3 [ it is easy to see that Ni{k) = 1. We can 
see this more directly. Let J-" be a stable sheaf with Hilbert polynomial 
n+1 whose support is P^. Then J-" has a section, or a nonzero morphism 
Opi — J-". Since is stable with the Hilbert polynomial n -|- 1, this 
morphism is an isomorphism. Hence 

M^{k) = {Opi}. 
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Hence, we have 

N,{k) = 1. 

4.4. d = 2. Only sheaves of type (1, 1) appear. By Corollary 14.31 

N,{k) = ^ (Ai - Ao + 1) 

Ai>Ao 

where the sum is over all partitions Ai + Aq = A; — 1. Therefore, 

( k(k+2) .( r . 

,r/,N /, ^^ N ] A if /c IS even. 

iV.W=^(.-2A„) = |^ if., odd. 

Ao=U * 

4.5. d = 3. In this case, sheaves of type (1, 1, 1), (2, 1) and (1, 2) ap- 
pear. By Corollary 14.121 

%,2)(A;) = iV(2,i)(A; + l). (17) 

We start with the type (2, 1). 

To count the T-equivariant sheaves of type (2,1), we let 

= e z': b<-i]- 

For (ai,a2,&) G S^2,i){k), we count pairs (ai,a2) of monomials 
which do not have a common factor of degree greater than b — ai — 
a2 + k — 1 = 2b + k + 1. But if Oi = 02 = a, switching two factors 
of J-Q = Cpi(a) © Cpi(a) gives an isomorphism between two sheaves 
determined by (01,02) and (02,01). So, we must count half of such 
pairs (oi, 02) if the degree of oi and 02 are the same. 

Definition 4.13. For r < minfn, m), 



p _ I / \ v,w monomials in x and y, 
(n,m,r) ^ I 5 ) ■ ^gg^ _ degyj = m, deg(gcd(w, w)) < r 



f{n,m,r) 



\P{n,m,r)\ \i U ^ m 
||-P{n,m,r)| if n = m 



Then, the total number of T-fixed sheaves of type (2, 1) is 
A^(2,i)(^)= XI /(&-ai + A;,6-a2 + A;,26 + A; + l) 

(ai,a2,6)GS(2,i)(fc) 



Lemma 4.14. |P(n,m,r)| 



(r + 1) (r + 2) if < r < min(?T,, m) 
z/ r < 
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Proof. For {v,w) G P{n,m,r), let g be gcd{v,w) and d be its degree. 
Then {v,w) is either {x'^~'^g,y"^~'^g) or {y"'~'^g,x^~'^g). Since there are 
(i + 1 choices for g, |P(„,m,r)l is 2 X]d=o('^ + 1) = (r + l)(r + 2). □ 



Lemma 4.15. Ifk>l, 



' b+1 



Ni2,i){k)= Yl L -^\{k + 2b + 2){k + 2b + 3) 



+ - ^ (A; - 4a - 2)(fc - 4a - 1) (19) 

a=0 

Proof. Each sum corresponds to the case ai > a2 and ai = a2 respec- 
tively. Note that in f|T8|) . / has | factor if and only if ai = a2. 

First, We count the case ai > a2. From equation ( IT8|) . since r = 
26 + A; + 1 > 0, — ^ b < —1. For each 6, we can check there 
are [— pairs of (ai,a2) with ai > a2 satisfying all the required 
conditions. By the Lemma I4.14[ this verifies the first sum. 

If ai = a2 = a, then 6 = -2 - 2a > So, < a < Thus 

by ( IT8|) and Lemma I4.14[ we get the second sum. □ 

To count sheaves of type (1, 1, 1), let 

5(1,1,1) (k) = I (Ao, Ai, A2) : ^ A, = 3A; - 2, < Ao < Ai < A2 < 2A; - 1 

Then by Corollary 14. 3[ 
iV(i,i,i)(^) = Yl (A2-Ai + l)(Ai-Ao + l). (20) 

(Ao,Ai,A2)eS'(i,i_i) (k) 



Theorem 4.16. 



^ ^jt±m±A (21) 



Proof. We compute N^i^k) — N^i^k — 1) and prove (!2T|) by induction. It 
remains to count type (1,1,1) sheaves. 
The map 

(Ao, Ai, A2) ^ (Ao + 1, Ai + 1, A2 + 1) 

gives an injection from S'(i,i,i)(/i; — 1) to S'(i,i,i)(/c). Since the summand 
in (120|) does not change under this map, the corresponding terms are 
canceled in Ns^k) - Ns^k-l). 
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The remaining terms in N^lk) are for Aq = or A2 = 2/c — 1. We 
claim that 

= X] (3A; - 2Ai - l)(Ai + 1) + J] (Aq + A; + l){k - 2Ao). 

Ai=fe-1 Ao=l 

If Ao = 0, then we must have Ai + A2 = 3A; — 2, A2 < 2A; — 1. So, 
A2 = 3A; — 2 — Ai and k ~ 1 < \i < Hence we have the first term. 

If Ao 7^ and A2 = 2A; — 1, we must have Aq + Ai = k — 1, and 
Ao > 0. So, 1 < Ao < which verifies the second term. 

Now, using the Lemma [4.151 and (I17p . we can check case by case {k 
mod 4) that 



_ k{k + l){2k + r 



Ns{k) - N;ik - 1) g 

Since it is easy to verify ( 12T|) for small values of k, this proves the 
theorem. □ 

Corollary 4.17. Conjecture \1.1\ holds for c? = 1, 2 and 3. 



5. Degree 4 

Let d = A. Types (1, 1, 1, 1), (3, 1), (1, 3), (2, 1, 1) and (1, 1, 2) are 
treated in Section |H The remaining types are (1,2,1) and (2,2). In 
these types, positive dimensional torus fixed loci can occur. 

Example 5.1. We give an example of a positive dimensional T-fixed 
locus in degree 4 of type (1, 2, 1) when k = 2. 

Let J'o = Opi, Tx = Cpi(-l) © C'pi(-l) and J's = C'pi(-l). The 
TT^Cy-module structure is 




: Cpi ^ (Cpi(-l) © Cpi(-l)) © Cpi(2), 



01 = ( C2xy ) : Opi(-l) © Opi(-l) ^ Opi(-l) © Opi(2), 

where ci and C2 are in C It is easy to see that this satisfies the condition 
(|5]) for an equivariant sheaf. As only scaling isomorphisms are allowed, 
we cannot set all coefficients to be 1 using isomorphisms. 

Let J-'{ci,C2) be such a sheaf. One can see that (ci,C2) can not be 
(0,0) and that T{ci,C2) ^ J^(Aci,Ac2) for A e C*. So, this T-fixed 
locus is isomorphic to P^. 
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Let the vr^Oy-module structure of a sheaf of type (1,2,1) be 
00 = (tti, "2)* : Opi (a) ^ (Cpi (61) © Cpi (62)) ® Cpi (fc) 

01 = (/3i,/32): 0pi(fei) © OAb2) ^ 0pi(c) ® Opi(A;), 
where and /3j are monomials with coefficient 1. 
x{J^) = 1 is equivalent to 

a + 61 + 62 + c = -3. (22) 

Without loss of generality, we assume bi > 62- Suppose that all entries 
ai, Pi are nonzero. Then by condition 

wt(ai) - wt(a2) = wt(/32) - wt(/3i), (23) 

where wt(— ) denotes the T- weight of a monomial. 

Proposition 5.2. Suppose is a sheaf of type (1,2,1) as above. As- 
sume bi > 62 ■ Then T is stable if and only if 

(1) No more than one of ai,a2, Pi or P2 is zero. 

(2) c<-l,a>0,bi + c< -2. 

(3) deg(gcd(ai, 0^2)) < bi + b2 - a + k, 
deg(gcd(/3i, /32)) < c + A: - 61 - 62 - 1. 

(4) IfaiPi + a2P2 = 0, then deg{gcd{Pi,P2)) < c+k-bi-b2-a-2. 

Proof. If at least two of ai, 02, Pi and P2 are zero, J-" is decomposable. 

Suppose Q = {Qo, Qi, Q2) is a vr^Cy-submodule, where Qq C Cpi(a), 
Gi C Cpi(6i) © Opi(62) and ^2 C Opi(c). Let 

rank(^) = (rank(^o), rank(^i), rank(^2))- 

For each possible choice of the rank of Q, we examine the stability 
condition. 

(1) rank(^) = (0,0,1) : c < -1. 

(2) rank(^) = (0, 2, 1) : &i + 6^ + c < -3 or a > by (|22l). 

(3) rank(^) = (0, 1, 1) : Since the degree of Qi is no more than bi 
as bi > 62, we have bi + c < —2. 

(4) rank(^) = (1,1,1) : We can reduce to the case when J^/Q is 
the torsion free cokernel of 0o- So, by Lemma 14.51 stability 
condition is 

bi + b2 - a + k - deg(gcd(ai, 02)) > 0. 

(5) rank(^) = (0, 1, 0) : The kernel of 0i has degree 61 + 62 — c — 
A; + deg(gcd(/3i,/32)). So, 

deg(gcd(/3i, P2)) <c + k-bi-b2-l. 
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(6) rank(^) = (1, 1,0) : A subsheaf of this type exists only if the 
image of 0o is in the kernel of 0i, i.e., if aiPi + 02(^2 = 0. In 
such a case, we take Qq = Cpi(a) and Qi = ker0i. So, 

a + {h + b2-c-k + deg(gcd(/3i, /^a))) < -2, 

which is the condition (4). 

□ 

Let the vr^^Cy-module structure of a sheaf J-" of type (2, 2) be 

( 1 ■■ 0pi(ai)©Opi(a2) ^ (Opi(6i)©Opi(62))®Opi(A;). 

\ 921 922 J 

x{J^) = 1 is equivalent to 

ai + a2 + bi + b2 = -3. (24) 

Suppose that all entries (pij are nonzero. Then by condition ([5]), 

Wt(0ii) - Wt(02l) = Wt(0i2) - Wt(022), (25) 

which means 0ii022 and 0i202i are proportional. 

Proposition 5.3. Suppose T is a sheaf of type (2, 2) as above. Assume 
0-1 > CL2 CLnd bi > 62- Then T is stable if and only if 

(1) 021 is nonzero. No more than one of (pij is zero. 

(2) ai > 02 > and 62 < &i < -1- 

(3) deg(gcd(0ii, 02i)) <a2 + bi + b2-ai + k + l, 
deg(gcd(02i, 022)) < b2 - bi - ai - a2 + k - 2. 

(4) // 011022 = 012021, then 
deg(gcd(0ii, 02i)) < bi + b2 - ai + k, and 
deg(gcd(0ii, 012)) <bi + k-ai-a2-l. 

Proof. If at least two of (f>ij are zero, J-" is decomposable. 
Let 

ri = deg(gcd(0ii, 0i2)), r2 = deg(gcd(02i, 022)), 
si = deg(gcd(0ii, 02i)), S2 = deg(gcd(0i2 , 022))- 

Then by 

r2 = ri + b2 - bi and S2 = Si + ai - 02, (26) 

provided that (pij are all nonzero. 

Suppose Q = (^05^1) is a 7r*Cy-submodule. For each possible 
choice of the rank of ^, we examine the stability conditions. 

(1) rank(^) = (0, 1) : 61 < -1. 

(2) rank(^) = (0,2) : 61 + 62 < — 2 which is implied by the above 
condition ([1]). 
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(3) rank(^) = (1,2) : aa > 0. 

(4) rank(^) = (1,1) : Let Go = Opi(m) and Gi = Opi(n). If 
a2 < m < ai, Qq is a. subsheaf of 0^i{ai). Hence, we can 
replace Qq by Opi(ai) and take Qi to be the saturation of the 
image of Opi(ai) under 0. The quotient is (Opi(a2), the torsion 
free cokernel of <t>\oj.iiai))- So, for to be stable, we must have 

a2 + bi + b2 - ai + k - si > -1, 

by Lemma [4.51 Note that if 02i is zero, si = hi — ai + k. Then 
the quotient has degree 02 + ^2 < —2 by flM|) contradicting the 
stability. 

Now suppose m < a2- If n < 62, since 02 + ^2 < —2, there is 
nothing to check. If 62 < n < bi, we can replace Qi by Cpi(6i) 
and take Qq to be the inverse image of Opi(6i), i.e., the kernel 
of the map 

(021,022): Cpi(ai) ©Cpi(a2) ^ Opi(62) ® Cpi(fc). 
Then the condition is 

bi + ai + a2 - b2 - k + r2 < -2. 

(5) rank(^) = (1, 0) or (2, 1) : A subsheaf of these types exists only 
if the image of has rank 1, in other words, if 0ii022 = </'i202i- 
Then, the torsion free cokernel of has degree 

bi + b2 - ai + k - si = bi + b2 - a2 + k - S2, 
and the kernel of has degree 

ai + a2 - bi - k + ri = ai + a2 - b2 - k + r2, 
by fl26l) . Hence the conditions are 
Si < bi + b2 — ai + k and ri < bi + k — ai — a2 — 1. 

□ 

Remark 5.4. As we will see in the next example, all positive dimensional 
loci of type (1, 2, 1) can be expressed as a GIT quotient of (P^)^ by the 
action of SL2. While the linearization may be different, the quotient 
is always isomorphic to P^. Similar argument for type (2, 2) holds. So, 
we can see that all T-fixed loci in degree 4 are either isolated points or 
pi. 

Example 5.5. In Example 15. 11 J-q, and J-2 are unchanged along the 
one dimensional torus fixed locus. The condition (j4]) in Propositions 
15.21 and 15.31 suggests this is not true in general. 
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(0,1) 



B 



_ ^ _ 

_ C2 

(1,0)' ' (-1,0) 



C 



Figure 3. Sheaf of type (1, 2, 1) 



Assume k = 3 and let J^o = Cpi(l), J^i = Cpi(-l) © Cpi(-l) and 
J^2 = Cpi(— 2). The 7r*Oy-module structure is 

00 = ( ^ ) : Opi(l)^(Opi(-l)©Opi(-l))®ai(3), 

01 = ( cixy C2X^ ) : Cpi(-l) © Cpi(-l) ^ Cpi(-2) © Opi(3), 
where Ci and C2 are in C. By Proposition 15.21 we can check the corre- 
sponding sheaf J^{ci,C2) is stable unless Ci = —C2- 

As the T-fixed locus Md{k) is compact, the limit of above family 
at ci = — C2 exists in Md{k)^ . To see what the limit is, we need to 
examine A-family described in Proposition I3.1[ 

Assume the fixed point in the open set [/o-i is given by x = and the 
fixed point in 1/^^^ by y = 0. Then the above 7r^,(9y-module structure 
has weight space decomposition as Figure [31 

In Figure[3|, A, B, C and Q are one dimensional. By Proposition l3.H 
T-fixed sheaves with such weight space decomposition are determined 
by inclusions of A, B and C into and a surjection — )■ Q. The 

(C) action on via change of basis encodes isomorphism between 
sheaves. See [121 Chapter 3] for a detailed discussion. 

We identify — )■ Q with its kernel K so that A,B,C and K are in 
G'r(l,C2) ~ We want to relate Gieseker stability to GIT stability 
condition for the action of 5'L2(C) on (P^)^. It can be checked that the 
associated sheaf is Gieseker stable unless 

A = B 01 A = C or A = K 01 B = C = K. (27) 

Meanwhile, a point {pi,P2,P3,P4) ^ (P"'^)'^ is GIT stable with respect to 
a line bundle 0{ki, /c2, k^, k^) if and only if for any point p G P^ 

J2k,<-Y,h. (28) 
p=Pi j=i 

See d Theorem 11.4], [151 Section 4.4]. If we take ki = 2, k2 = 
ks = ki = 1, these two conditions agree with each other. This is an 
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example of matching GIT stability and Gieseker stability discussed in 
Chapter 3]. 

Therefore, the T-fixed locus is 



//SL2{C)-F\ 



The condition ci = — C2 is equivalent to A = K. It is easy to check 
that at the limit in (P^)"^ / SL2{C), we have B = C and A,B,K are 
distinct. By reading equivariant vector bundles in each rows, we can 
see the limit has vr^Oy-module structure 

xy 



j : Opi(l) ^ (Cpi © Cpi(-2)) ® C)pi(3), 

01 = ( X x^y) : Opi ©Cpi(-2) ^ Cpi(-2) ® Opi(3). 

Note that since xy is a multiple of 1, or x^y is a multiple of x, we can 
set all the coefficients of monomials to be 1 up to isomorphism. 

Remark 5.6. Conjecture [TTT] combined with the Gromov-Witten theory 
predicts that 

n,(k) = JJt±2m±3iB!!l±^, ,29) 

Based on the classification of T-equivariant stable sheaves studied above 
and in Section HJ we can compute N^lk). The author has checked that 
the result is consistent with fl29|) when k < 100 with the help of a 
computer. However, we don't have a proof for general k. 

6. Equivariant Residue 

The virtual tangent space at J-" G Mdik) is 

Ext^(J^, J^) - Ext|(J^, J^). 

Since T preserves a canonical Calabi-Yau form, the canonical bundle 
on X is trivial with trivial weight. By equivariant Serre duality, 

Ext^(J^,J^) ~ Ext^(J^,J^)* 

as T-representations. So, the dual weights of the moving parts will be 
canceled and we just count signs. 

Let "Hfc be the Hirzebruch surface whose toric fan has ray generators 
ui = {—l,k), U2 = (0,1), Ms = (1,0), U4 = (0,-1). Denote the 
corresponding divisors by Di, D2, -D3, -D4. 

The total space Y of Cpi (k) can be described as a toric variety by 
the fan {Cone(M3, M4), Cone(M4, Mi)}. Hence, F is a subvariety of Tik 
and the zero section of Y is the divisor D^. Let i: Y ^ Tik be the 
inclusion. 
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The anticanonical class of l-Lk 

-K = {Di + D2 + D3 + D4) = 2D2 + {k + 1)^3 
is ample, so we have a well defined moduli space 

M-}i^{d) = {J^ sheaf on "H^: Ci(J-') = dD^^.xi^) = 1; (—-ftr)- (semi) stable}. 

Recall that L is the pullback of Cpi(l) to Y. Then, i*0{-K) ^ L®(''+^) 
and we have 

Thus, since k + 1 > 0, i^^J^ is (— Jr)-semistable if and only if J-" is 
L-semistable. Hence, i^, induce an injective morphism from M^ik) to 

Proposition 6.1. My^^^^d) is a smooth projective variety of dimension 
kd^ + l. 

Proof. Any semistable sheaf J-" in M^^. [d) is necessarily stable because 
x(^) = 1. So M-}i^{d) is projective variety. By Serre duality 

Ext\T, J^) = Hom(J^, J^®Ky = 0, 

since J-" is (— i^)-stable. Therefore, there is no obstruction and M-^^ld) 
is smooth. 

We compute dimExt^(J-', J-") using Riemann-Roch. 

xiJ^, J^) = l- dimExt^(J^, J^)= [ ch^(J^)ch(J^)tdCHfc) 

Since the rank of J-" is zero and ci(J-') = dD^, the degree 2 term of right 
side is —d'^D\ = —kd'^. Therefore, 

dimExt^(J^, -F) = 1 - F) = kd^ + 1. 

Thus dimM^^ {d) = kd^ + I. □ 

Corollary 6.2. 

n,{k) = (-l)^^'+ietop(M,(A;)) 

Proof. Md{k) is open subscheme of M-^^{d), hence smooth of dimension 
kd'^ + 1. Then, this is a consequence of general properties of Donaldson- 
Thomas type invariant with symmetric obstruction theory [1]. □ 
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